Abstract. In this paper, we investigate the structure of the automorphism groups of pure braid groups. We prove that, for n > 3, Aut(Pn) is generated by the subgroup Autc(Pn) of central automorphisms of Pn, the subgroup Aut(Bn) of restrictions of automorphisms of Bn on Pn and one extra automorphism wn. We also investigate the lifting and extension problem for automorphisms of some wellknown exact sequences arising from braid groups, and prove that that answers are negative in most cases. Specifically, we prove that no non-trivial central automorphism of Pn can be extended to an automorphism of Bn.
Introduction
Let B n be the Artin braid group on n-strings, and {σ 1 , . . . , σ n−1 } the set of standard generators of B n . In [1] , Artin mentioned the problem of determining all automorphisms of the braid groups. Subsequently, in [2] , he determined all representations of B n by transitive permutation groups in n letters. Since then the subject has attracted a lot of attention. In [6] , Dyer and Grossman completely determined the automorphism groups of braid groups. More precisely, they proved that
where Inn(B n ) ∼ = B n /Z(B n ) is the group of inner automorphisms and Z 2 = τ with τ (σ i ) = σ −1 i for all 1 ≤ i ≤ n − 1. The pure braid group P n is the kernel of the natural homomorphism B n → S n , from the braid group to the symmetric group. Once the structure of Aut(B n ) is revealed, it is natural to investigate the structure of Aut(P n ). It is well known that P n ∼ = Z(P n ) × P n , where P n = P n /Z(P n ). Using this decomposition, Bell and Margalit [3, Theorem 8] proved that, for n ≥ 4, Aut(P n ) ∼ = Aut c (P n ) ⋊ Aut(P n ), where Aut(P n ) ∼ = Mod(S n+1 ). Here Aut c (P n ) is the group of central automorphisms of P n and Mod(S n+1 ) is the extended mapping class group of the 2-sphere with n + 1 punctures. Hence Aut(P n ) ∼ = Aut c (P n ) ⋊ Mod(S n+1 ) for n ≥ 4. This result was used by Cohen [5] to give an explicit presentation of the automorphism group Aut(P n ) for n ≥ 3. Notice that from this point of view the result of Dyer and Grossman has the form Aut(B n ) ∼ = Mod(D n ), where D n is the disc with n punctures. Since the group of pure braids P n is the direct product of the center Z(P n ) and the group P n , it is not difficult to determine the group of central automorphisms Aut c (P n ). On the other hand, P n is a characteristic subgroup of B n , and hence each automorphism of B n induces an automorphism of P n . This leads to the following question: Question 1. Is Aut(P n ) generated by Aut c (P n ) and Aut(B n )?
After recalling some preliminary results in Section 2, we answer the preceding question in Sections 3 and 4 of the paper. The answer is evidently affirmative for n = 2, and we prove that it is so for n = 3 as well (Proposition 4.7). For n > 3, we prove that Aut(P n ) is generated by Aut c (P n ), Aut(B n ) and one extra automorphism w n (Theorem 3.6).
The last two sections of the paper are dedicated to the lifting and extension of automorphisms in certain short exact sequences arising from braid groups. A general formulation is the following:
be a short exact sequence of groups. Given φ ∈ Aut(H), does there exists an automorphism of G which induces φ? Analogously, given ψ ∈ Aut(K), does there exists an automorphism of G whose restriction to K is ψ?
For finite groups, this problem has been investigated in [7, 10, 11] using cohomological methods and the fundamental exact sequence of Wells [12] . In Section 5, we prove that the answers to both the questions are negative (Theorems 5.1 and 5.6) for the extension 1 → U 4 → P 4 → P 3 → 1. Finally, in Section 6, we consider the extension 1 → P n → B n → S n → 1. We prove that the non-inner automorphism of S 6 cannot be lifted to an automorphism of B 6 (Proposition 6.2), and that no non-trivial element of Aut c (P n ) can be extended to an automorphism of B n (Theorem 6.6).
Preliminary results
We use the standard notations. Given two elements x, y of a group G, we write y x = x −1 yx and [x, y] = x −1 y −1 xy. Further, for z ∈ G,ẑ denotes the inner automorphism of G induced by z. An automorphism of a group G is called central if it induces identity automorphism on the central quotient. The subgroup of all central automorphisms of G is denoted by Aut c (G).
Next we recall some basic facts on braid groups and refer the reader to [4, 9] for more details. The braid group B n , n ≥ 2, on n-strings is generated by the set {σ 1 , σ 2 , . . . , σ n−1 }, and is defined by relations
Note that B 1 is defined as the trivial group and B 2 turns out to be the infinite cyclic group. The subgroup of B n generated by the elements
j−1 where 1 ≤ i < j ≤ n, is called the pure braid group, and denoted by P n . Further, P n is defined by the relations
It is readily seen that P 1 is the trivial group, P 2 ∼ = Z, and P 3 ∼ = F 2 × Z. In general, P n is characteristic in B n , and the quotient B n /P n is the symmetric group S n . Further, the generators of B n act on the generators A i,j ∈ P n by the following rules:
where ε = ±1.
For each i = 2, . . . , n, consider the following subgroup
It is known that each U i is a free subgroup of rank i − 1. One can rewrite the relations of P n as the following conjugation rules (for ε = ±1):
It follows from these rules that U n is normal in P n , and P n has the decomposition P n = U n ⋊ P n−1 . This gives rise to the split extension 1 → U n → P n → P n−1 → 1.
By induction on n, it follows that P n is the semi-direct products of free groups as follows
It is known that, for n ≥ 2, the center Z(P n ) = z n is infinite cyclic generated by the full twist braid
It follows that P n ∼ = Z(P n ) × P n , where P n = P n /Z(P n ) (see [4] ). More precisely,
Using this decomposition, Bell and Margalit [3, Theorem 8] proved the following result.
Next, we recall a presentation for Aut(P n ) from Cohen [5] . The subgroup of central automorphisms Aut c (P n ) consists of automorphisms of the form
n , where t ij ∈ Z and t ij = 0 or -2. We have z n → z n in the former case, and z n → z −1 n in the latter case. This gives a surjection
with kernel consisting of automorphisms for which t ij = 0. Since P n has n 2 generators, this kernel is free abelian of rank N , where N = n 2 − 1. Further, the choice t 12 = −2 and all other t ij = 0 gives a splitting Z 2 → Aut c (P n ), and hence
As in [5, Equation (11)], we note that this group is generated by the automorphisms ψ, φ i,j : P n → P n , 1 ≤ i < j ≤ n, {i, j} = {1, 2}, where
otherwise and
otherwise.
It can be easily checked that ψ 2 = 1 and ψφ i,j ψ = φ −1 i,j . Let S n+1 denote the 2-sphere with n + 1 punctures, and Mod(S n+1 ) its extended mapping class group. For n ≥ 1, Mod(S n+1 ) has a presentation with generators {ω 1 , . . . , ω n , ε} and relations (2.1)
, and ε 2 = 1.
We refer the reader to [4, Theorem 4.5] for details. By Bell and Margalit [3] , Mod(S n+1 ) ∼ = Aut(P n ) and can be viewed as a subgroup of Aut(P n ). Further, the generators ω 1 , ω 2 , . . . , ω n , ε act as automorphisms of P n in the following manner [5, Equation (12)]:
3. Automorphism group of P n for n ≥ 4
As we noted in the introduction Aut(B n ) = Inn(B n ), τ , and each automorphism of B n induces an automorphism of P n . Let t = τ | Pn and s i =σ i | Pn for all 1 ≤ i ≤ n−1, whereσ i is the inner automorphism of B n induced by σ i .
Lemma 3.1. The automorphism τ induces the automorphism t of P n which acts on the generators by the rule
Proof. We use induction on n. Notice that it suffices to prove the equality
). Suppose that the formula holds for n. Then
(using the formula of conjugation σ n A i,n σ
). This proves the lemma.
An immediate consequence is the following.
Corollary 3.2. The following equalities hold
It is not difficult to see that the restriction homomorphism Aut(B n ) → Aut(P n ) is an embedding, enabling us to view Aut(B n ) as a subgroup of Aut(P n ). Now, to determine Aut(P n ), introduce the following automorphism of P n :
Since the maps ω n and w n differ by a central automorphism, it follows that w n also is an automorphism of the group P n . Lemma 3.3. The automorphism w n does not lie in the subgroup Aut c (P n ), Aut(B n ) for n ≥ 4.
Proof. The automorphism w n induces an automorphism w n of the abelianisation P n /P ′ n . We prove that w n does not lies in the image of Aut c (P n ), Aut(B n ) into Aut(P n /P ′ n ). Indeed, since Aut(B n ) = Inn(B n ), τ , the actions of elements of Aut(B n ) on the quotient P n /P ′ n are compositions of inversion of A ij and permutations of these elements. Hence, it is enough to show that, in the quotient P n /P ′ n , the set consisting of
cannot be obtained from the set
using composition of the maps
where α ij = ±1, β ij ∈ Z, {i, j} → {k, l} is the permutation of pairs of indexes {i, j},
If the transformation w n modulo P ′ n is a composition of maps of the specified type, then the word
with a suitable β ∈ Z has the form A ±1 k,l , but it is not true. Hence w n does not lie in Aut c (P n ), Aut(B n ) .
Corollary 3.4. The subgroup Aut c (P n ), Aut(B n ) is not normal in the group Aut(P n ) for n ≥ 4.
Proof. Set H n = Aut c (P n ), Aut(B n ) , and suppose that H n is normal in Aut(P n ). Then the automorphism w n induces an automorphism of Aut(B n ) ∼ = H n / Aut c (P n ). By [6, Theorem 22] , the group Aut(B n ) is complete for n ≥ 4, i.e. has trivial center and only inner automorphisms. Since Aut(B n ) = Inn(B n ), τ , Aut(B n )/ Inn(B n ) ∼ = Z 2 and w n ∈ H n by Lemma 3.3, it follows that the product w n t must lies in the subgroup generated by inner automorphism group Inn(B n ) and central automorphism group Aut c (P n ), which is a contradiction. Hence H n is not normal in Aut(P n ) for n ≥ 4. Let G n be the subgroup of Aut(P n ) consisting of those automorphisms which are restrictions of automorphisms of B n and the automorphism w n , i.e.
G n = t, s 1 , . . . , s n−1 , w n .
Lemma 3.5. The automorphisms ω 1 , ω 2 , . . . , ω n , ε lie in Aut c (P n ), G n .
Proof. It follows that ω k (z n ) = z n for all 1 ≤ k ≤ n, and ε(z n ) = z n . As noted by Cohen [5] , for 1 ≤ k ≤ n − 1 and k = 2, the automorphism ω k is given by the conjugation action of the braid σ k on the pure braid group. More precisely,
On the other hand, ω 2 is the composite of the conjugation action of σ 2 and the automorphism φ 1,3 given by
The automorphism ω n is the product of w n and some central automorphism. Finally, the automorphism ε is the product of t and some central automorphism.
We now prove the main result of this section.
The proof of the theorem is now complete by Lemma 3.5.
We conclude this section with an explicit presentation of Aut(P 4 ). By definition of ω i 's and ε, we have
Now rewriting the relations of Aut(P 4 ) in the new generators yields the following result. 
Automorphism group of P 3
For n = 3, we have
2 and A 2,3 = σ 2 2 . Then
We set x = A 1,3 , y = A 2,3 and z = A 1,2 A 1,3 A 2,3 . Then P 3 = z × x, y , where x, y is the free group F 2 on two generators. Proof.
(1) follows trivially since z ∈ Z(B 3 ). For (2), we consider
The rest of the identities follow easily.
Remark 4.2. The preceding lemma also implies that the automorphisms of P 3 induced by σ 1 and σ 2 are, in fact, automorphisms of F 2 = x, y .
Next, we describe Aut(P 3 ). Consider the following automorphisms of P 3 θ :
ψ is an arbitrary automorphism of F 2 = x, y . Proposition 4.3. The group Aut(P 3 ) is generated by the set {θ, ξ, η, φ}.
Proof. It is enough to prove that any automorphism f of P 3 can be expressed in terms of these four automorphisms. Since Z(P 3 ) = z , it follows that z f = z ±1 . Further, f induces an automorphism of P 3 /Z(P 3 ) ∼ = F 2 . Hence x f ≡ x ψ mod Z(P 3 ) and y f ≡ y ψ mod Z(P 3 ) for some ψ ∈ Aut(F 2 ). Define φ : P 3 → P 3 by φ :
Then the automorphism f φ −1 induce identity on P 3 /Z(P 3 ). Hence
for some α, β ∈ Z. Hence f = θξ α η β φ. This proves the lemma.
Let x → p(x, y) and y → q(x, y) be an arbitrary automorphism of F 2 = x, y .
Lemma 4.4. The group Aut(P 3 ) has following defining relations:
Proof. (1)- (5) are evident from the definitions of the automorphisms. For (6), consider
Similarly, for y, we obtain
The identity (7) follows analogously.
Remark 4.5. Conditions (6) and (7) can be rewritten in the following form:
The above relations yield the following lemma.
Lemma 4.6. ξ, η is a normal subgroup of Aut(P 3 ) and
Recall that P 3 = Z × F 2 . In this case, Aut(P 3 ) = Aut c (P 3 ) × Aut(F 2 ), where Aut c (P 3 ) = Z 2 ⋊ Z 2 , generated by ψ, φ 1,3 , φ 2,3 with ψ 2 = 1 and ψφ i,j ψ = φ 
Note that F 2 = P 3 = P 3 /Z(P 3 ) = P 3 / A 1,2 A 1,3 A 2,3 = A 1,3 , A 2,3 . The group Aut(F 2 ) admits the following presentation
where the automorphisms are given by ρ : Proposition 4.7. The group Aut(P 3 ) is generated by the set {ρ, σ, ν, ψ, φ 1,3 , φ 2,3 }.
Extension and lifting problem for
In this section, we deal the extension and lifting problem for the exact sequence 1 → U n → P n → P n−1 → 1.
The cases n = 1, 2 are vacuous. For n = 3, we have P 3 ∼ = U 3 × P 2 , and hence each automorphism of U 3 and P 2 can be extended to an automorphism of P 3 .
We deal the case n = 4 in the rest of this section. Recall that, by definition, 1,2 , A 1,3 , A 2,3 , A 1,4 , A 2,4 , A 3,4 and P 3 = A 1,2 , A 1,3 , A 2,3 . Further, U 4 = A 1,4 , A 2,4 , A 3,4 is normal in P 4 and P 4 /U 4 ∼ = P 3 . The main result of this section is the following theorem.
Theorem 5.1. There exists an automorphism of P 3 which cannot be lifted to an automorphism of P 4 .
The theorem will be proved via the following sequence of lemmas.
Lemma 5.2. Let G be a group and φ ∈ Aut(G).
Proof. Let x ∈ C G (g). Then xg = gx implies that x φ g φ = g φ x φ . This further implies
The converse is also obvious.
Lemma 5.3. Let F n = x 1 , . . . , x n , and φ ∈ Aut(F n ) such that φ :
Proof. Let g ∈ F ix(φ). Then we can write g = w 1 x α 1 n · · · w m x αm n w m+1 for some α 1 , . . . , α m ∈ Z and w 1 , . . . , w m , w m+1 ∈ F n−1 . We can assume that w m+1 = 1 and α m = 0. Applying φ gives
Note that the elements ww i w −1 = 1 and we have equality in the free product F n = F n−1 ⋆ x n . This implies that m = 1 and α m = 0. Hence g ∈ F n−1 .
We also need the well-known conjugation rules in P 4 . Consider the automorphism of P 3 of the following form φ :
Clearly, (A 1,4 A 3,4 ) A 1,3 = A 1,4 A 3,4 . Note that
In these generators, we have 
, where w 1 , w 2 , . . . , w m+1 ∈ y, x . Now Proof of Theorem 5.1. If we lift the automorphism φ to P 4 , then F ix( A 1,3 ) ∼ = F 2 and F ix( A 1,3 A 2,3 ) ∼ = Z, which is a contradiction. Hence φ cannot be lifted to P 4 .
In the reverse direction, we have the following. Suppose that we can extend φ to an automorphism of P 4 . Then φ induces an automorphism of P 3 . Recall that Z( 
6. Extension and lifting problem for 1 → P n → B n → S n → 1
In this section, we investigate the extension and lifting problem for the well-known short exact sequence 1 → P n → B n π → S n → 1. The following is a straightforward observation.
Lemma 6.1. Let 1 → K → G → H → 1 be a short exact sequence of groups. Then every φ ∈ Inn(H) has a lift in Aut(G) and every ψ ∈ Inn(K) has an extension in Aut(G).
We now prove the following. Proof. We know that if n = 2 or 6, then Aut(S n ) = Inn(S n ), and hence the result follows from Lemma 6.1. For n = 2, we have B 2 = σ 1 , P 2 = σ 2 1 and S 2 = Z 2 . Note that Aut(S 2 ) = 1, and the identity automorphism is obviously liftable to B 2 . On the other hand, Aut(P 2 ) = Z 2 , say, generated by ψ. Then ψ(σ 2 1 ) = σ −2
Finally, let n = 6 and φ ∈ Aut(S 6 ) \ Inn(S 6 ). Since Aut(S 6 ) = Inn(S 6 ) ⋊ Z 2 , we have φ 2 = 1. Ifφ is a lift of φ, thenφ =ĝ for some g ∈ B 6 orφ =ĝτ , where
i . Hereĝ is the inner automorphism of B 6 induced by g. Ifφ =ĝ, then applying on the generators yield
This implies that φ = g π , a contradiction. Now suppose thatφ =ĝτ . Then
This implies that φ = τ (g) π , which is again a contradiction.
Recall that P n ∼ = Z(P n )×P n /Z(P n ), where Z(P n ) = z n is infinite cyclic. Further, the group of central automorphisms of P n is given by
where tv • (P n ) = Z N with N = n 2 − 1 and Z 2 = θ 0 . Here z θ 0 n = z −1 n and it acts trivially on P n /Z(P n ). Proof. First observe that Aut(B n )/ Inn(P n ) ∼ = Inn(B n ), τ / Inn(P n ) ∼ = S n , τ is a finite group. Let φ • ∈ tv • (P n ) be extendable to an automorphism φ of B n . Then there exists an integer m such that φ m ∈ Inn(P n ), and hence φ m | Pn = φ •m | Pn . This implies φ m ∈ tv • (P n ) ∩ Inn(P n ) = {1}, and hence φ •m = 1. But the group tv • (P n ) is free abelian, and hence does not have any non-trivial element of finite order. Therefore φ • = 1. n−1 ) n . Since Z(B n ) = z n ∼ = Z, we have z τ n = z ±1 n . Note that B n /B ′ n is infinite cyclic generated by σ 1 B ′ n . If z τ n = z n , then reading this equation modulo B ′ n gives σ (n−1)n 1 ≡ σ −(n−1)n 1 mod B ′ n . Equivalently, σ 2(n−1)n 1 ≡ 1 mod B ′ n , which is a contradiction as B n /B ′ n has no element of finite order. Hence z τ n = z −1 n . Proposition 6.5. θ 0 cannot be extended to an automorphism of B n .
Proof. Suppose that θ ∈ Aut(B n ) is an extension of θ 0 . Then z θ n = z θ 0 n = z −1 n . Recall that Aut(B n ) ∼ = Inn(B n ) ⋊ τ . Since for each ψ ∈ Inn(B n ), we have z ψ n = z n , it follows that θ = τ ψ for some ψ ∈ Inn(B n ). It follows from the relations in B n that ψ ∈ Inn(B n ) induces a permutation of P n /P ′ n . On the other hand, τ induces inversion in P n /P ′ n , more precisely, A τ i,j ≡ A −1 i,j mod P ′ n for all i < j. We can assume that P n /Z(P n ) = A 1,3 , A 2,3 , A 1,4 , A 2,4 , A 3,4 , . . . , A 1,n , A 2,n , . . . , A n−1,n . Proof. Let φ = ατ ǫ ∈ Aut c (P n ), where α ∈ tv • (P n ) and ǫ = 0, 1. In view of Propositions 6.3 and 6.5, we can assume that α = 1 and ǫ = 1. Note that φ 2 = (ατ ) 2 = α 2 = 1 since tv • (P n ) is free abelian. By Proposition 6.3, α 2 cannot be extended to an automorphism of B n . Therefore φ 2 , and hence φ cannot be extended to an automorphism of B n .
Then we have
The following question remains.
Question 4. Which non-central automorphisms of P n can be extended to automorphisms of B n ?
